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Abstract

This chapter considers stochastic differential equafionSystems Biology models derived from the
Chemical Langevin Equation (CLE). After outlining the deation of such models, Bayesian inference
for the parameters is considered, based on state-of-tiMaakov chain Monte Carlo algorithms. Start-
ing with a basic scheme for models observed perfectly, tsdrdtely in time, problems with standard
schemes and their solutions are discussed. Extensionssd# #themes to partial observation and ob-
servations subject to measurement error are also condidérelly, the techniques are demonstrated in
the context of a simple stochastic kinetic model of a genetijalatory network.

1 Introduction

It is now well recognised that the dynamics of many genetid liochemical networks are intrinsically
stochastic. Stochastic kinetic models provide a poweramnework for modelling such dynamics; see,
for example, McAdams & Arkin (1997) and Arkin et al. (1998) fsome early examples. In principle
such stochastic kinetic models correspond to discrete 8arkov processes that evolve continuously in
time (Wilkinson 2006). Such processes can be simulated amgpater using a discrete-event simulation
technique such as the Gillespie algorithm (Gillespie 19%ihce many of the parameters governing these
models will be uncertain, it is natural to want to estimatenthusing experimental data. Although it is
possible in principle to use a range of different data fos thsk, time course data on the amounts of bio-
molecules at the single-cell level are the most informatiBeys et al. (2008) show that it is possible to
directly infer rate constants of stochastic kinetic modedsg fully Bayesian inference and sophisticated
Markov chain Monte Carlo (MCMC) algorithms. However, thehrigues are highly computationally in-
tensive, and do not scale-up to problems of practical istdreSystems Biology. It seems unlikely that
fully Bayesian inferential techniques of practical valam de developed based on the original Markov jump
process formulation of stochastic kinetic models, at lgagn currently available computing hardware.

It is therefore natural to develop technigues which ex@oihe kind of approximation in order to speed
up computations. One possibility, explored in Boys et aD0@), is to work with the exact model, but to
introduce approximations into the Bayesian inferencerityn. Although this approach does have some
promise, it seems difficult to speed up the algorithm suffityefor practical purposes without sacrificing
too much inferential accuracy. An alternative approach egproximate the model, and then conduct exact
Bayesian inference for the approximate model. This lagter@ach is much more flexible, as there are many
approximations to the underlying model which can be made,itais easier to understand the accuracy of
the proposed approximations and the likely benefit in terfromputational speed-up. Perhaps the most
obvious approach would be to use a deterministic approxamasuch as that based on the reaction rate
equations (Gillespie 1992). However, such an approactopasf very badly when the underlying process
has a significant degree of stochasticity, as the reactienequations (RRES) effectively “throw away” all
of the stochasticity in the process, and consequently, féthe information in the process “noise”. The
information in the noise is often quite substantial, anddsde be utilised for effective inference.



The Chemical Langevin Equation (Gillespie 1992, Wilkin®&8l06) is a diffusion approximation to the
discrete stochastic kinetic model that preserves mosteointiportant features of the stochastic dynamics.
Furthermore, the stochastic differential equation (SBHpyesentation of the Chemical Langevin Equation
(CLE) lends itself to new and potentially more efficient Bsigi inference methodology. In the remainder
of this chapter, inference for the CLE using time course @atansidered, and application to the estimation
of stochastic rate constants is examined. However, mosteofrtethodology considered is quite generic,
and will apply straightforwardly to any (nonlinear, muéivate) SDE model observed (partially,) discretely
in time (and with error).

2 Stochastic Kinetics

2.1 Stochastic Kinetic M odels

Consider a biochemical reaction network involvingpeciest, Xs, . .., X, andv reactionsRy, R, . . ., Ry,
written using standard chemical reaction notation as

Ry pudh +praXo + -+ pruXy — qu i + qako + - - + qru Xy
Ry po1 Xy +paaXo + -+ + pa Xy — @21 X1 + gaoko + - - + g2, Xy

Rv : pleI +pv2X2 + - +pvuXu B QUIXI + QU2X2 +- QUuXu'

Let X;; denote the number of molecules of spectésat timet, and letX; be theu-vector X, = (X1, Xos,
..., Xu). Thev x u matrix P consists of the coefficients;;, andQ is defined similarly. The: x v
stoichiometry matrix, S is defined by

S=(Q-P).

The matrices?, @ andS will typically be sparse. On the occurrence of a reaction of typ¢he systenstate,
X, is updated by adding thh column ofS. Consequently, i\ R is av-vector containing the number of
reaction events of each type in a given time interval, thersifstem state should be updatedty, where

AX = SAR.

The stoichiometry matrix therefore encodes importanicstinal information about the reaction network. In
particular, vectors in the left null-space 6fcorrespond t@onservation laws in the network. That is, any
u-vectora satisfyinga’S = 0 has the property (clear from the above equation) th&} remains constant
for all £.

Under the standard assumptionrodiss-action stochastic kinetics, each reactiorR; is assumed to have
an associated rate constaat, and apropensity function, h;( Xy, ¢;) giving the overallhazard of a typei
reaction occurring. That is, the system iMarkov jump process, and for an infinitesimal time increment
dt, the probability of a type reaction occurring in the time intervéd, ¢ + dt] is h;(X4, ¢;)dt. The hazard
function takes the form

hi(Xt,Ci) = C; H < J >
j=1 \Pij

Letc = (c1,¢2,...,¢) andh(Xy, ¢) = (h1 (X, 1), ho(Xe, 2), ..., ho(Xy, ¢)). Values fore and the
initial system state:; complete specification of the Markov process. Although fnscess is rarely ana-
Iytically tractable for interesting models, it is straifgrivard to forward-simulate exact realisations of this
Markov process using a discrete event simulation methot i$hiue to the fact that if the current time and
state of the system areandx; respectively, then the time to the next event will be exptiaéwith rate
parameter

ho(‘rta C) = Z hi(‘rta Ci),
=1

2



and the event will be a reaction of typg with probability h;(z¢, ¢;) /ho(x, ¢) independently of the waiting
time. Forwards simulation of process realisations in thégy g typically referred to a&illespi€’s direct
method in the stochastic kinetics literature, after Gillespie (T2 See Wilkinson (2006) for further back-
ground on stochastic kinetic modelling.

In fact, the assumptions of mass-action kinetics, as wethasone-to-one correspondence between
reactions and rate constants may both be relaxed. All of ¥dtlatvs is applicable to essentially arbitrary
v-dimensional hazard functiorig X, c).

The central problem considered in this paper is that of erfee for the stochastic rate constanis,
given some time course data on the system sfatelt is therefore most natural to first consider inference
for the above Markov jump process stochastic kinetic moéleldemonstrated by Boys et al. (2008), exact
Bayesian inference in this setting is theoretically pdssittHowever, the problem appears to be computa-
tionally intractable for models of realistic size and coexily, due primarily to the difficulty of efficiently
exploring large integer lattice state space trajectotidsirns out to be more tractable (though by no means
straightforward) to conduct inference for a continuousesharkov process approximation to the Markov
jump process model. Construction of this diffusion appmadion, known as th€hemical Langevin Equa-
tion, is the subject of the next section.

2.2 TheDiffusion Approximation

The diffusion approximation to the Markov jump process carcbnstructed in a number of more or less
formal ways. We will present here an informal intuitive ctsastion, and then provide brief references to
more rigorous approaches.

Consider an infinitesimal time intervalt,t + dt]. Over this time, the reaction hazards will remain
constant almost surely. The occurrence of reaction evemdherefore be regarded as the occurrence of
events of a Poisson process with independent realisatmmealch reaction type. Therefore, if we write
dR, for the v-vector of the number of reaction events of each type in the increment, it is clear that the
elements are independent of one another and thaitthelement is aPo(h; (X, ¢;)dt) random quantity.
From this we have thdt(dR;) = h(X}, c)dt andVar(dR;) = diag{h(X¢, c)}dt. Itis therefore clear that

dR, = h(X,, c)dt + diag { (X, c)} AW,

is the 1td stochastic differential equation (SDE) whicls ltiae same infinitesimal mean and variance as the
true Markov jump process (whetBV; is the increment of a-dimensional Brownian motion). Now since
dX; = SdR;, we can immediately deduce

dX; = Sh(Xy,c)dt + S diag { (X, c)} AW,

as a SDE for the time evolution of;. As written, this SDE is a little unconventional, as the oy
Brownian motion is of a different (typically higher) dimeas than the state. This is easily remedied by
noting that

Var(dX;) = S diag{h(X;,c)}S’,

which immediately suggests the alternative form

dX; = Sh(Xy, c)dt + +/S diag{h(Xy, c)}S'dW;, 1)

where nowX; and W; are bothu-vectors. Equation (1) is the SDE most commonly referredstahe
chemical Langevin equation (CLE), and represents the diffusion process which mosketlanatches the
dynamics of the associated Markov jump process. In pasicuthilst it relaxes the assumption of discrete
states, it keeps all of the stochasticity associated wighdiscreteness of state in its noise term. It also
preserves the most important structural properties of thaekb/ jump process. For example, (1) defines



a non-negative Markov stochastic process, and has the samsergation laws as the original stochastic
kinetic model.

More formal approaches to the construction of the CLE uguallolve around the Kolmogorov forward
equations for the Markov processes. The Kolmogorov forveadation for the Markov jump process is
usually referred to in this context as thieemical master equation. A second-order Taylor approximation
to this system of differential equations can be constryctedl compared to the corresponding forward
equation for an SDE model (known in this context as Fakker-Planck equation). Matching the second-
order approximation to the Fokker-Planck equation lead#h¢osame CLE (1), as presented above. See
Gillespie (1992) and Gillespie (2000) for further details.

2.3 Prokaryotic Auto-regulation

In order to illustrate the inferential methods to be devetbm subsequent sections, it will be useful to have
a non-trivial example model. We will adopt the model introdd in Golightly & Wilkinson (2005), and
later examine parameter inference for this model in som#ecttang data-poor scenarios. The model is a
simplified model for prokaryotic auto-regulation based loa tnechanism of dimers of a protein coded for
by a gene repressing its own transcription. The full set aftiens in this simplified model are:

Ry: DNA+P; — DNA-P, Ry: DNA-P; — DNA+ Py
Rs: DNA — DNA+ RNA Ry: RNA— RNA+P
Ry: 2P — Py Rg: Py — 2P
Rr: RNA— Rs: P—0.

See Golightly & Wilkinson (2005) for further explanation.ewrder the variables @ = (RNA, P, Py, DNA.
P2, DNA), giving the stoichiometry matrix for this system:

0o o010 O O -1 0

0o o001 -2 2 0 -1

S= -1 100 1 -1 0 O
1 -100 O O O O

-1 100 O O O O

The associated hazard function is given by
h(X, C) = (Cl DNA x Pg, CQDNA . PQ, CgDNA, C4RNA, Cs P(P - 1)/2, Ce PQ, C7RNA, Cgp)/,

using an obvious notation.

Like many biochemical network models, this model contaimsservation laws leading to rank degen-
eracy of the stoichiometry matriX§. The Bayesian inference methods to be considered in theguést
sections are simpler to present in the case of models ofdnk- This is without loss of generality, as we
can simply strip out redundant species from the rank-deficieodel. Here there is just one conservation
law,

DNA - P, + DNA = k,

wherek is the number of copies of this gene in the genome. We can issesthtion to remové©NA - P5
from the model, replacing any occurrenceMA - P in rate laws withk — DNA. This leads to a reduced
full-rank model with specieX = (RNA, P, P2, DNA), stoichiometry matrix

oo0o1o 0 O0-1 0
6001 -2 2 0 -1

5= -1100 1 -1 0 0/ @)
-1100 O O 0 O



and associated hazard function
h(X,c) = (ciDNA x Py, ca(k — DNA), c3sDNA, c,RNA, csP(P — 1) /2, cgP2, crRNA, csP)'.  (3)

We can then substitute (2) and (3) into the CLE (1) in orderdioayir SDE model that is to be the object of
inference in Section 4.

3 Inferencefor Nonlinear Diffusion Models

As with ordinary differential equations (ODES), stochasgdlifferential equations can be solved numerically
in the absence of an analytic solution. Performing infeeenowever, when no analytic solutions exist is
not trivial since transition densities will not be availabh closed form. Inference is further complicated
when there is only partial observation on a subset of diffusiomponents and the data may be subject
to measurement error. Attempts to overcome this problehudecthe use of estimating functions (Bibby
& Sgrensen 1995), simulated maximum likelihood estimafidadersen 1995, Durham & Gallant 2002)
and Bayesian imputation approaches (Elerian et al. 200bheRD & Stramer 2001, Eraker 2001). These
methods are neatly summarised by Sgrensen (2004). In teetriderature, Monte-Carlo methods which
are both exact (in the sense that they are devoid of disatigtiz error) and computationally efficient have
been proposed by Beskos et al. (2006). Whilst attractive) suethods can only be applied to a relatively
small class of diffusions.

Here, the Bayesian imputation approach to estimating sidfu parameters using discrete time data is
considered. We describe the modelling framework in thegmes of full observation before examining a
basic Gibbs sampling strategy. It will be shown that suchtsgiies (that alternate between draws of the
diffusion parameters conditional on the data, and drawkefdtent data conditional on the parameters and
observed data), can break down if the augmentation is la&g®oposed solution is outlined in detail, and
extensions of the methodology to partial and noisy obsenvatre considered.

3.1 Full Observation

Consider inference for a parameterised familyafimensional 1td diffusion processes satisfied by a stecha
tic differential equation of the form

dXt =M (Xta C) dt + V ﬂ (Xt7c) th ) (4)
where . is u-dimensional drift,5 is au x u dimensional diffusion matrix and = (cy,...,¢,) is an

unknown parameter vector of lengthlt is assumed that the conditions under which the SDE caolved
for Y; are satisfied — that is to say (4) has a nonexploding, unighgi@o (see for example Chapter 5 of
@ksendal (1995)). Note that for the stochastic kinetic nsdensidered in Section 2, it is natural to choose

(X, ¢) = Sh(Xy,c), B (X, c) = Sdiag{h(X¢,c)}S" .

By adopting the Bayesian imputation approach, it is necgssawork with the discretized version
of (4), given by the Euler approximation,

AXy = Xppnr — Xy = pn(Xy,¢) At + /B (Xy, ¢) AW, (5)
whereAW, is aN (0, IAt) random vector of length. Plainly,
Xipae|Xe, e ~ N (Xy + p (X, ¢) At B (X, ¢) At)
for which the probability density is

P (Xipad Xi, ¢) = N (Xepar: Xo + 1 (Xy, ¢) At, 5(Xy,¢) At) (6)
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whereN (-; 6, ) denotes the Gaussian density with mean vegt@nd covariance matrix.

Initially, let us suppose that observations are available at evenly spaced timgs 7y, ..., 77 with
intervals of lengt/A* = 7,,; — 7. Asitis typically unrealistic to assume that is sufficiently small to be
used as a time step in (5), we pit = A*/m for some positive integet. > 1. Then, choosingn to be
sufficiently large ensures that the discretization biaghgrarily small, but also introduces. — 1 missing
values in between every pair of observations, which mushtegrated out of the problem. We note that the
idea of augmenting the observed low frequency data withingjssalues was proposed by Pedersen (1995)
and has since been pursued by Eraker (2001), Roberts & 3t(a0@1) and Golightly & Wilkinson (2005)
among others.

In order to provide a framework for dealing with these migsialues, the entire time intervay, 7r] is
divided intomT + 1 equidistant pointsy = ty < t; < ... < t, = 70 (Wheren = mT) such thatX; is
observed at time&), t,,, to, - . . , t,,. Altogether there arémn — 1)T missing values which are substituted
with simulationsX;,. Stacking all augmented data (both missing and observed)aimix form gives a
skeleton path,

X = (‘Tthtl?' .o 7Xtm717xtrn7Xtm+17 ...... ,th717xtn)
and herein,X* denotes the value of the pa® at timet;. Within this framework, we have datR,, =
(x4, 21,5 - - - s T1, ). Hence, by adopting a fully Bayesian approach, we formutlagejoint posterior for

parameters and missing data as

n—1

p(e,X|Dn) < ple) [T p (XX, ¢) (7)
1=0

wherep (c) is the prior density for parameters apcq- |Xi,c) is the Euler density given by (6). As dis-
cussed in (Tanner & Wong 1987), inference may proceed bynalieg between draws of the missing data
conditional on the current state of the model parameter$ttaa parameters conditional on the augmented
data. This procedure generates a Markov chain with theatkpiosterior, (7), as its equilibrium distribu-
tion. MCMC methods for the analysis of diffusion processagehbeen extensively explored in the recent
literature. See for example, the work by Roberts & Stram@0{2, Elerian et al. (2001) and Eraker (2001).
For full observation, we perform the following sequencetefps:

1. Initialise all unknowns. Use linear interpolation totialise theX?. Sets := 1.
2. DrawX ) ~ p (-|¢(s—1), Dn)-

3. Drawcg) ~ p (- [X(y))-
4

. If the desired number of simulations have been perforrhed stop, otherwise, set:= s + 1 and
return to step 2.

The full conditionals required in Steps 2 and 3 are propodido p (¢, X| D,,) in equation (7). For the
diffusions considered herg,(c |X) typically precludes analytic form. Step 2 is therefore perfed via a
Metropolis-Hastings (MH) step. We find that the Gaussiamloam walk update of (Golightly & Wilkinson
2005) produces satisfactory results.

Attention is now turned to the task of performing step 2, ikato update the latent data conditional
on the current parameter values and the observed data. \d&npte/o sampling strategies and consider an
inherent problem associated with their mixing propertiemally, a sampling strategy that overcomes this
problem is presented.

3.1.1 Single Site Updating

Eraker (2001) (see also Golightly & Wilkinson (2005)) saew (X |c, D,,) indirectly, by implementing a
Gibbs sampler to update each coluaihof X\ {D,,} conditional on its neighbours and the parameter value
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c. The full conditional distribution ofX? (with i not an integer multiple ofn) is
p(Xi‘Xi_l,Xi+1,C) o p(Xi’Xi_l,C)p(Xi+1’Xi,C)
= N(Xi X (Xi_l,c) At, 3 (Xi_l,c) At) x
X ./\/'(Xi'|r1 X4 p (Xi,c) At, 3 (Xi,c) At) .

For nonlinear diffusions, direct sampling of this disttiom is not possible and a MH step is used. A new
X' is drawn from a suitable proposal density. We follow Erai80() and use

q(Xi|Xi_1,Xi+1,c) =N <Xi; (Xi_1 —|—Xi+1) , %ﬁ (Xi_l,c) At>

1
2

as a proposal density. If the iteration counter is,ahenX*~! is the value obtained at iteratigrand X *+!
is the value obtained at iteratian— 1. Hence, if the current state of the chain¥Xs, then a proposed value
X' is accepted with probability

(8)

wind 1 P (Xi’Xi_l,Xi+1, C) q (Xi‘Xi_l,XH_l,C)
- - - X - - -
’ p(XZ’XZ_l,XH'l,C) q(Xi‘XZ_l,XH'I,C)

and we sefX{ , := X, otherwise we storé(’. Note thatp (- | X'~*, X"*', c) needs only be known up to a
multiplicative constant, since the acceptance probghilitly involves ratios of this density.
Hence, we samplg (¢, X| D,,) with the following algorithm:

1. Initialise all unknowns. Use linear interpolation totialise theX?. Sets := 1.
2. UpdateX ) |c(s—1y, D as follows:

2.1 ProposeX! ~ ¢ (X! X'~!, X" ¢) for eachi not an integer multiple of.

2.2 SetX(is) := X with probability as in (8) otherwise store the current vakie

3. DraWC(S) ~D ( |X(8))

4. If the desired number of simulations have been perforrhed stop, otherwise, set:= s + 1 and
return to step 2.

For univariate diffusions, Elerian et al. (2001) show thaafgorithm which updates one columnXfat
atime leads to poor mixing due to high correlation amongstatent data. Consequently, it is recommended
that X\{D,,} is updated in blocks of random size. Here, we consider th@lsesh blocking algorithm
whereby the latent values are updated in blocks ofgize 1, between every pair of observations.

3.1.2 Block Updating

Consider consecutive observations andz;,, (where we letM = j + m) corresponding to columni’
andX™ in X. Between these two observations, we have 1 missing valuesX’*!, ..., X~ for which
the full conditional distribution is

M—1
p (X XM XS XM ) o [ p (XX C)
i=j
We aim to sample this density fgr= 0, m, ..., n—m in turn, thereby generating a sample frpitX|c, D,, ).
However, under the nonlinear structure of the underlyirfusion process, obtaining this density in ana-

Iytic form is complicated. We therefore use a MH step; follegvDurham & Gallant (2002), we construct a
Gaussian approximation to the densityX6f! (fori = j,..., M — 2) conditional onX* and the end-point
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of the interval. We construct the joint density &7/ and X! by combining the Euler transition density
in (6) with an approximation op (X*| X!, ¢). Conditioning the resulting distribution on the end-point
XM gives

PXTHXEL XM o) = N (X X 4 p (X)) At, 5% (X, ¢) At) (9)
where u _
N X — X! ; tavr — tiga ;
(X)) =— ) g (Xe) = (A ) g (x? 10
W) =2 () = () 5 (o) (10)
and we drop the dependenceigfand5* ont to ease the notation.

We refer to (9) as the modified diffusion bridge construct.nét for eacty = 0,m,...,n — m we
samplep (X7, ..., XM=l X, XM ) by proposingX ‘™! fori = j,..., M —2viarecursive draws from
the density in (9). Note that this gives a skeleton path offaslon bridge, conditioned to start a7 and
finish at XM . If the current state of the chain %7, ..., X~ then we accept the move with probability
given by

M—1 ; ; M=2 (i ;
Xz-‘,—l X Xz+1 X XM
min{ 1, HM H]f( .1| XY0) (11)
p (XX ¢) P (XEH X, XM ¢)

=7 =7

and this acceptance probability tends to a finite limitas- oco. To see this, note that the modified diffusion
bridge construct in (9) can be regarded as a discrete-tipeaipnation of the SDE with limiting form

X7 =t (X7) dt + /B (K72 ) AW, (12)

as demonstrated in Stramer & Yan (2007). Now, (12) has the ghiffusion coefficient as the true condi-
tioned diffusion and therefore the law of the true condigidrprocess is absolutely continuous with respect
to that of (12); see Delyon & Hu (2006) for a rigorous proof.

The Gibbs sampler with block updating then has the follovalyprithmic form:

1. Initialise all unknowns. Use linear interpolation totialise theX’. Sets := 1.
2. UpdateX ) |c(s—1), Dn as follows. Forj = 0,m, ..., n —m:

2.1 ProposeX™ ~ p (XX, XM ¢)fori=j,...,M —2.

2.2 Accept and store the move with probability given by (1theowise store the current value of
the chain.

3. DraWC(S) ~D ( |X(8))

4. If the desired number of simulations have been perforrhed stop, otherwise, set:= s + 1 and
return to step 2.

Whilst this block updating method helps to overcome the ddpece within the latent process conditional
on the model parameters, it does not overcome the more fuertahnconvergence issue, which we now
outline in detail.

3.1.3 Convergence Issues

As the discretization gets finer, that is, 5asincreases, it is possible to make very precise inferencatabo
the diffusion coefficient of the process via the quadraticatemn. Consider a complete data sample p&th
on[0,T]. ThenX gives the integral of the diffusion coefficient through thedratic variation

T
XA(T) = /0 B(X,0) dt.



This means that can be deduced froX and consequently a scheme which impXe®),, and then updates
c will be reducible; sinc& confirmsc andc is in turn determined by the quadratic variation, the schesitie
not converge. This dependence (between the quadratidivarend diffusion coefficient) was highlighted
as a problem by Roberts & Stramer (2001) and results in longngnitimes of MCMC algorithms such as
the single site Gibbs sampler, though the problem is ledsaié form < 5. The latter authors overcome
this dependence in the context of univariate diffusionsrbggforming the missing data, giving a partially
non-centred parametrisation which leads to an irreducilgerithm even in the limit as: — co. However,
for a u-dimensional diffusion satisfying (4), finding such a tfamsiation requires an invertible function,
g : R* — R* such that

Vg(Vg) =67

This equation is almost always impossible to solve in pcactbr general nonlinear multivariate diffusions
such as those considered here.

Attention is therefore turned to the Gibbs strategy of Gulig & Wilkinson (2008) which can easily
be implemented for any nonlinear multivariate diffusiord @oes not suffer from the convergence problems
of the single site or naive block Gibbs samplers; in essdmncalternatively sampling from the posterior of
parameters and the driving Brownian motion process (rdtizar the actual data), the dependence between
and the latent data can be overcome. The idea is motivatdeefinnovation” scheme of Chib et al. (2006);
however, the algorithm considered here can be applied tpartially observed diffusion process (that may
be subject to measurement error — see Section 3.2 for a disalis

3.1.4 Thelnnovation Scheme

Corresponding to the skeleton paXy given byX = (X° X! ... X™), is a skeleton path ofV;, the
driving Brownian process. This skeleton is denotedWy= (W° W' ... W"). Note that under any
discrete approximation of (4), there is a one-to-one reatiip betweerX and W, conditional on the
parameter vectat. Therefore, rather than sample the distributioX|D,,, the innovation scheme samples
¢, W|D,, by alternating between draws ofconditional on the data anw, andW conditional onc and
the data. Hence at every iteration of the algorithm, thees&al pathX will be consistent with the current
parameter value — this is crucial in order to overcome thesddpnce issue highlighted by Roberts &
Stramer (2001).

Algorithmically:-

Initialise all unknowns. Set the iteration counteste 1.
DrawW oy ~ p (- |c(s—1), Dn) by updating the latent data, V&) ~ p (- [¢(s—1), Dy ).

Update parameters by drawing) ~ p (- [W ), Dy,).

P w0 dpoE

Increments and return to 2.

By updating the latent data in stepW/ is obtained deterministically. Note that this step is ggsiirformed

by implementing the blocking strategy of Section 3.1.2.sTikiessentially the innovation scheme of Chib
et al. (2006). The intuition behind it is that the driving Bmgian motion, W, contains no information
about the model parameters, and in particular, that thergtiadzariation of W does not determine any
of the parameters. Therefore conditioning W in a Gibbsian update of the model parameters will not
cause the full-conditional to degenerate. The SDE defintmegstochastic process can be regarded as a
deterministic functionX = f(W,c¢) which can be inverted to recovdV from X as necessary. The
problem with this scheme is that a proposed n&vimplies a new sample patK* = f(W,c¢*), and in
general, this sample path will be far from the observed desaling to small MH acceptance probabilities.
The key insight described in Golightly & Wilkinson (2008)tise realisation that there is no fundamental
requirement that the change of variable be directly rel#tetthe actual diffusion process, but can be any
deterministic transformatioX = f*(W,c¢). Further, that whilst most choices ¢f (-, -) will be ineffective



at uncoupling the diffusion parameters from the latent darppth, W, any transformation corresponding
to a diffusion process locally equivalent to the true (ctinded) diffusion will be, and hence the modified
diffusion bridge (MDB) construction can be used again, inifeeknt way, for constructing an efficient
parameter update.

Consider the task of performing step 3 to obtain a rew\e map betweeiX and W by using the
Wiener process driving the MDB construct in (9) as the eifectomponent to be conditioned on. We have

that
DG (Xz) At + /B* (X1, ) (Wi+1 — WZ) , (13)
where(W 1 — W) ~ N(0, At), u* and* are given by (10). Re-arrangement of (13) gives

and we define this relation for=j,j + 1,...,j + m — 2wherej = 0,m, ..., n — m. This defines a map
between the latent dat&\{D,,} andW. Note that it is not necessary to map between the actualldata
and the corresponding points W as we update the parameteris step 3 conditional oW and the data
D,.

Whereas naive global MCMC schemes sample

p(c]X) o p(c)p(X]e, Dy) ,
the innovation scheme samples
p(c|W,Dy) occp(c)p(f*(W,c)le,Dn) J (15)

whereX = f*(W,c¢) is the transformation defined recursively by (13) ahd the Jacobian associated
with the transformation. To computg consider the transformation of a particular vakie™! at timet,
in the interval(t;, tar). By definition,

J = |6Xi+1/8Wi+1| — |ﬁ* (Xi,c) |%

using (13). Now, writingu* (X*) = p} and 8* (X%,¢) = B we note that for fixedW, the density
associated with the modified diffusion bridge construct is

POCHIXXM,0) o 571 oxp { - S(AXT = ey (5780 (AX" - i)}
= ot { @y amh )
x Jt. (16)

Hence, the Jacobian associated with the transformation X§{D,,} to W is
M—2 ' ' .
J(X,o)oc [T [] 5 (XX, XM, ¢)”
jooi=j

wherej = 0,m,...,n —m and we express the dependence/ain X andc explicitly. Now, we sample
the target density (15) via a MH step. A proposed rgus simulated from a suitable proposal dengity)
which may depend oiX, W and the current. It is found here that the Gaussian random walk update of
Golightly & Wilkinson (2005) works well. Note that for eaclew c,, we obtain a new skeleton path

X, = (XX}, XL X X XX

*
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deterministically, via the transformatidd. = f*(W, c.) defined recursively by (13). Therefore, if the cur-
rent state of the chain is(andX correspondingly) then a move ¢ (andX,) is accepted with probability

ol 3]

_ min{l ples) _ p(Xiles, Dn) J(X*,c*)}
" p(e) p(Xle,Dn) J(X,c)
ple) _ [T7p(XiFXE ) H”ﬁ? P (XX XM ¢)
X : : X : :
p(c) 5 p (X1 X ¢) P ﬁ(Xi+1|Xi,XM,c*)

= 7

7)

min< 1,

Hence, the innovation scheme can be summarised by the foticsteps:
1. Initialise all unknowns. Set the iteration countexte: 1.
2. DrawW ;) ~ p (- |c(s—1), Dn) by updating the latent data, V) ~ p (- |c(s—1), Dn)-
3. Update parameters by drawing) ~ p (- |W ), Dy,):

3.1 Apply equation (14) to obtaidWifori = 5,5 +1,...,j+m —2andj = 0,m,...,n —m.
3.2 Propose a new, for example, by using a Gaussian random walk move.

3.3 Combine theATW? with ¢, and apply equation (13) to obtain a new skeleton patrdetermin-
istically.

3.4 Accept a move to, (and thereforeX,) with probability given by (17).
4. Increments and return to 2.

Naturally, the algorithm can be extended to the case ofglatiservation (and measurement error).

3.2 Partial Observation
Suppose now that the proceXs satisfying (4) is not observed directly and only observation the process
Yi=F'X;+¢, e ~N(0,%) (18)

are available. This flexible setup allows for the case of @iigerving a subset of components _f.
For example, ifu; andus denote the respective number of observable (subject to)emd unobservable
components then we set
(o)
Ou27u1

wherel,, is theu; x u; identity and0,, ., is theus x u; zero matrix. Here, it is assumed for simplicity
that> = diag{o?} fori = 1,...,u; and if these parameters are unknown, we have

c=(C1y . yCp 01,y 00)

Extensions to non-diagonal are straightforward. We now consider the task of applyirgitinovation
scheme to this model.

11



3.2.1 Updatingthe L atent Process

We wish to sampleX () ~ p ( \c(s_l),Dn) at some iteratiors. Since we assume here that we do not
observe the process directly, the entire skeleton Kathust be updated. We therefore implement a different
blocking strategy, by updating in blocks of sizex — 1.

Consecutive observation times ¢, andt,+ where, as usuaj, is an integer multiple ofn, M = j+m
and nowM™* = M + m = j + 2m, correspond to the noisy and partial observatidns, Y M andy ™",

Treating X7 and X" as fixed, the full conditional fox7+!, ..., XM ~1is
| ' Mt-1 ] )
p(XHl,...,XM+—1\XJ,YM,XM+,C) o p (YM|XM ¢) H p (XX ¢) (19)
i=j

wherep(YM|XM ¢)is N(YM; XM 53). By sampling the distribution in (19) fof = 0,m,...n — 2m,
the use of overlapping blocks with free mid-point ensured #m irreducible algorithm is obtained. Hence
at iterations of the block Gibbs sampler, one draws

XL XML p(xH L XM X v M XM )

where X/ is obtained at iteration and X" at iterations — 1. We sample this density with a MH step.

Consider initially the task of proposing the first values,X’*!, ..., X in the block. Clearly, an
efficient method would be to proposét! fori = j,..., M — 1, conditional onc, the end-points of the
block X7 and X", and the noisy observation at the mid-poikt*/. This can be achieved by sampling
from a Gaussian approximation Xt X% vM XM" () details of which can be found in Golightly
& Wilkinson (2008). For the numerical examples consideredethowever, the Gaussian approximation
P(XH XYM ) which is only conditioned on the mid-point™ of the block, works sufficiently well
and is less computationally costly to evaluate. We defis®'*!|X?, Y™ ¢) by constructing a Gaussian
approximation to the joint density of“+! andY™ (conditional onX* andc). We have that

Xitl N X! + ,uiAt GiAt ﬁZFAt
yMo) F' X'+ A7) )\ F'BAt FIBFA~+% ) [

where A~ = t); — t; and again we adopt the shorthand notation= x (X*,c) and3; = 3 (X', c).
Conditioning onY yields

PXTHXLYM o) = N (X X +a (X ¢) At, b (X, c) At) (20)
where ‘ '
a(X'c) = pi+ BiF (FBFA-+3) 7 (YM - F' [ X' + 1,A7)) (21)
and '
b(X'¢) =B — BiF (FIBFA +X) ' F/GAL. (22)
Hence, we propose the first values in the block by drawing(:™ ~ p (XItHXE, Y™ ¢) for i =
j,...,M — 1. Finally we propose the last — 1 values of the block; we simulat&M+1 ... xM" -1

conditional onX* and X" by sampling the Gaussian approximatiphXit1|Xxi X" ¢) for each
i=DM,...,M" — 2. Thatis, we use the modified diffusion bridge construct in {@w, assuming that at
the end of iteratiors — 1 the current value of the chain 871, . .. ,XM+‘1, then at iteratiors, a move to
Xt . XM"-1is accepted with probability

_ p(XIT XM X Yy MO XM o) (XL XM X Y MO MY )
min< 1 a X : (23)
D (XU XML XYM OXMY o) (XYL XM X v M XM )

where we denote by(- | X7, Y M, XM+,c) the density associated with the proposal process for thekblo
update.

12



3.2.2 Updating the Parameters

For the case of partial data (and subject to error), the iataw scheme samples
p(c|W,Dy) ocp(c)p(f*(W,c)le,Dn)p(Dnlf*(W,c),c) J. (24)

As in Section 3.1.4, by fixing the values &f at the observation times, the MDB construct in (13) can be
used to uncoupl® from X. However, when the variance associated with the measutesren density

is unknown, using the MDB construct to map betwémand W may lead to parameter values which are
inconsistent with the current value of the sample g&thWe therefore takdV as the skeleton associated
with the Wiener process driving the construct in (20) and we this as the effective component to be
conditioned on. We have that

XH =X'"+a(X') At+4/b(XP,c) (WH =W, (25)
wherea andb are given by (21) and (22) respectively. Re-arrangemer5)fdives
. . . . _1 . . .
AW =W Wi = [b(X,¢)] 7 (X — X' —a (X7) A) (26)

and we define this relation for= j,j+1,...,j+m—1wherej = 0,m,...,n—m, giving a map between
the latent dat& andW. It can be shown (Golightly & Wilkinson 2008) that the Ja@biassociated with
this transformation is

n—1 -1
J(X,C) o (Hﬁ (Xi+1|Xi,Y(Li/m+lJ)m,C>> (27)
=0

where || denotes the integer part ef and we write the dependence &fon X and ¢ explicitly. Note
that as before, for each new, we obtain a new skeleton pak, deterministically, via the transformation
X, = f*(W, ¢, ) defined recursively by (25). Hence a move:tddrawn from a symmetric proposal density
g(+)) andX, is accepted with probability

. ples)  p(Xiles,Dn)  p(DnlXi,ex) o J (Xy, i)
m'”{l’ 20 < XDy pDaXo0) C TX0 } (28)

An appropriate algorithm for the case of noisy and partighdmgiven by the following steps:
1. Initialise all unknowns. Set the iteration counteste: 1.
2. DrawX 4 ~ p (-|¢(s-1), Dn) as follows. Forj = 0,m,...,n — 2m:
2.1 ProposeX™ ~ p (XIH XL, YM ¢)fori=j,..., M — 1.
2.2 ProposeXit! ~ p (Xi“yXi,XM*,c) fori— M,... M+ —2.

2.3 Accept and store the move with probability given by (2B)eowise store the current value of
the chain.

3. Update parameters by drawing) ~ p (- |W ), Dy):

3.1 Apply equation (26) to obtain Wi fori = 4,5+ 1,...,54+m —1landj =0,m,...,n —m.
3.2 Propose a new, for example, by using a Gaussian random walk move.

3.3 Combine theAWW* with ¢, and apply equation (25) to obtain a new skeleton patrdetermin-
istically.
3.4 Accept a move to, (and thereforeX,) with probability given by (28).

4. Increments and return to 2.
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4 Inferencefor Prokaryotic Auto-regulation

To illustrate the proposed sampling strategy, we apply tinevation scheme to the auto-regulatory gene
network characterised by the SDE given in Section 2.3. Weiden two synthetic dataset®; and D,.

In D; we have 50 observations &f; = (g¢, 7+, pt, (p2):)’, Simulated at integer times via the Gillespie
algorithm. True values for the stochastic rate constants . . , cs)’ were taken as in Golightly & Wilkinson
(2005), namely 0.1, 0.7, 0.35, 0.2, 0.1, 0.9, 0.3 and 0.1. $¥arae further that the conservation constant
(that is, the number of copies of the gene on the genome) iwikrio be 10. Finally, we consideP,
constructed by takin@; and discarding the observations @nThe remaining observations enp andp,
were also subjected to error by perturbing each value witera-mean Gaussian random variable with a
known, common variance of? = 2.

For Dy, the innovation scheme was run forx 10 iterations, withl x 10° iterations discarded as
burn-in. Thinning of the output was employed to leave 9008tgmor draws. For the partially observed
datasetD,, we consider two scenarios by assuming first that the vaiah¢he measurement errof is
known and finally, that? is unknown. As both partially observed scenarios preseniathorithm with
the challenge of mixing over the uncertainty associateth #ie unobserved component, a longer run of
3 x 109 iterations was used. After discarding a number of iteratias burn-in and thinning the output, a
sample of 9000 draws with low auto-correlations was obthifi@r each scenario, discretization was set by
takingm = 10 (and At = 0.1) giving 9 latent values between every pair of observatidiie.note that by
increasingm, discretization bias can be reduced, however, computdtioost increases. It is found here
that there is little difference between results for= 10 andm = 20. Hence, we report only those results
obtained forn = 10. Independent proper Unifori(—5, 5) priors were taken folog(c;),i = 1,...,8 and
for the partially observed case, a Unifolit{0, 10) prior was taken for the initial gene copy numbey,

c1 co c1/co c3 c4 Ccs c6 5/ cq c7 cs o
True Values
0.1 0.7 0.143 0.35 0.2 0.1 0.9 0.111 0.3 0.1 1.414
Dy g Uri Up Upoy
Mean 0.078 0.612 0.128 0.363 0.236 0.070 0.680 0.104 0.299380. -
S.D. 0.022 0.174 0.019 0.095 0.052 0.024 0.231 0.014 0.076300. -
Doy:ry UpsUpasUo
Mean 0.029 0.205 0.182 0.383 0.036 0.070 0.675 0.130 0.290280. -
S.D. 0.019 0.151 0.131 0.218 0.046 0.038 0.298 0.198 0.140270. -
Do:ry Upy Upay
Mean 0.018 0.117 0.577 0.197 0.140 0.054 0.531 0.113 0.140610.1.825
S.D. 0.016 0.143 0.741 0.252 0.149 0.024 0.256 0.083 0.180720.0.307

Table 1. Posterior means and standard deviations for paeesnestimated using 2 length-50 dataséls (
and D) from the output of the innovation scheme.

Parameter posteriors for each scenario are summarisedia Tand Figure 1. Consider the fully ob-
served datasdD,. Clearly, the sampler produces estimates that are contsigith the true values of the rate
constants. Note in particular that although estimateg ahdcg (corresponding to the rates of the reversible
dimerisation reactions) are relatively imprecise, we vecthe value of; /cg (that is, the propensity for the
forwards reaction) fairly well. Similar results are obtihfor the rateg; andc, corresponding to the re-
versible repression reactions. Running the innovatioemseh(coded in C) fot x 10 iterations onD; took
400 minutes on a Pentium IV 3.0GHz processor. Despite a stnoind a discretization witlh = 10, the
trace and autocorrelation plots in Figure 1 show that théncimaxes well with autocorrelations reducing
fairly quickly.

Naturally, estimates of the rate constants obtained usiagartial datasets are far less precise. Note
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Figure 1: (a) Trace, (b) density and (c) auto-correlatiartgpfor a random selection offrom the output of
the innovation scheme using 50 observatidhs)@ndm = 10.

also that we see a marked decrease in accuracy when the graastiierror variance is unknown.

5 Conclusions

This chapter has provided an overview of methods for comuyidully Bayesian inference for the rate

parameters governing single-cell stochastic kinetic rfsodsing (noisy, partial, discrete) time course data.
The method exploits a diffusion approximation to the motted, CLE, as this renders the computational
problem more tractable. Although presented in the contéxingle-cell stochastic kinetic models, the

inference techniques are very general, and can be appliedstntially any SDE model with associated
time course data. Although the techniques are computdljangensive, the information that they provide

about the parameters and the extent to which they are idzhbily the data is extremely rich, making the
necessary CPU-time well worth spending.
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